
:zegked

ew lke ,zecewp bef lk oia xagn ew ozpida .cg` xyi lr zecewp yely oi`y jk ,xeyina zecewp 6 zepezp .1
.ihnexkepen cg` yleyn zegtl xveeidl aiig ,mirav ipyn cg`a reav

mieew 3 zegtl yi ,mipeid jaey oexwr itl .zexg`d zecewpd 5-l dze` xagpe x idylk dcewp xgap :dgked
oia mieewd ,x dcewpd z` lleky ihnexkepen yleyn xveei `ly zpn lr .xa, xb, xc :mpnqpe ,ddf rava

.ihnexkepen yleyn xvei dfe ,ipyd rava zeidl miaiig a, b, c zecewpd

z` wlgn cg`y jk miipy zeidl miaiig el` mixtqn oia .mixtqn 101 xgap{1, 2, . . . , 200} mixtqnd oian .2
.zix`y `ll ipyd

epl yi dpezpd mixtqnd zveawa .edylk ibef i` a-e i ≤ 0 xy`k ,2i · a :jk bivdl ozip xtqn lk :dgked
,a eze` ilra zeidl miaiig mdn miipy okle ,lkd jqa mixtqn 101 epxga .miibef i` mixtqn 100 lkd jqa

.x2 z` wlgn x1-y lawzn f`e i > j-y gipp .x1 = 2i · a, x2 = 2j · a :mpnqp(
n
k

)
=

(
n

n−k

)
- mixhniq md minepiad mincwnd .3

ipnid xai`d .miyp` n ly dzik jezn miyp` k oa cre xegal zeiexyt`d xtqn `ed il`nyd xai`d :dgked
.iehiad zgizt - zil`ieeixh zixabl`d dgkedd.crea mpi`y miyp`d z` xegal zeiexyt`d xtqn `ed

.4

n∑
k=0

(
n

k

)
= 2n

k xear :il`nyd xai`a opeazp .{1, 2, . . . , n} mixtqnd ly zeveawd izz lk xtqn `ed oini cv :dgked
gikedl ozip .mixai` k xegal mikxc

(
n
k

)
yi .l"pd dveawd ly k lceba zeveawd izz lk xtqn edf ,edylk

.oeheip mepiaa x = y = 1 zavd i"r zixabl`

.5

k

(
n

k

)
= n

(
n− 1
k − 1

)
.miiehiad zgizt i"r migiken

.6

n∑
k=1

k

(
n

k

)
= n · 2n−1

lk oian xegal xyt` eze`y ,x"eid z` xgap ziy`x - oini cv xear .x"ei el yiy cre xegal epilr :dgked
xtqn zeidl leki k ?cre ixag k mvra df dn .cre ixag k xgap okn xg`l .zeiexyt` n yi okle ,miyp`d
xehwe lr enk eilr lkzqp - n − 1 ly zeveawd izz lk z` onqn ok` 2n−1 iehiade n-1-l 1 oia edylk
ixag k zxiga didi l`ny cv .xgap `ly edyin xear 0-e xgapy edyin xear 1 miyl xyt` xy`k ,ix`pia
k zxigale ,zeiexyt` k yi x"eid zxigal .x"eid z` xgap cred ixag k jezne ,n-l 1 oia rp k xy`k ,cred

:zixabl` dgked jxevl 5-a ynzydl ozip .zeiexyt`
(
n
k

)
yi n jezn miyp`

n∑
k=1

k

(
n

k

)
=

n∑
k=1

n

(
n− 1
k − 1

)
= n ·

n−1∑
i=0

(
n− 1

i

)
=︸︷︷︸

see (2)

n · 2n−1

.7∑
k is even

(
n

k

)
=

∑
k is odd

(
n

k

)
= 2n−1

1



l"pk ,xegal `l e` xegal ozip oey`xd xai`d z` .ibef i` da mixai`d xtqny dveaw zz xgap :dgked
xtqn lk jq .cala zg` zexyt` zx`yp oexg`d xai`d xeare ,(zeiexyt` 2 cg` lkl) ileke ipyd z`
weica epl ex`yp okle 2n `ed mixai` n jezn idylk dveaw xegal zeiexyt`d lk jq .2n−1 :zeiexyt`d
il`nyl irvn`d sb`d zxarda :zixabl` dgked .ibef mixai` xtqn zlra dveaw xegal zeiexyt` 2n−1

dfy lawzn .dlilg xfege ilily cg` ,iaeig cg` xai` xy`k oeheip ly mepiad z` milawny ze`xl ozip
.2n−1 `ed mdn cg` lk mekqy i`ce ,2n `ed mnekqy zxne`d 2 dprh itl ,jk m` .mieey md ,xnelk .qt`

.mzgzny xai`l deey lwqt yleyna mikenq mixai` ipy lk mekq .8
xtqn `ed milind xtqn .(reaw k) zecg` k+1 oday n+1 jxe`a zeix`piad milind lk lr lkzqp :dgked
:dvnne dxf dwelga zeveaw zz izyl efd dveawd z` wxtp .

(
n+1
k+1

)
okle n+1 jezn k+1 xegal zeiexyt`d

`id dpey`xd dxtqdyk ,zecg` k+1 zelra n+1 jxe`a zeix`piad milind lk `id dpey`xd dveawd zz
milind lk `id dipyd dveawd zz .

(
n
k

)
- okle ,zenewn n-a zecg` k wlgl epilr - zeiexyt`d xtqn .1

zenewn n-a zecg` k+1 wlgl epilr .0 `id dpey`xd dxtqdyk ,zecg` k+1 zelra n+1 jxe`a zeix`piad
.zrbiin `ide dzika dzenlya dpzip `l zixabl`d dgkedd .

(
n

k+1

)
okle

(miipy e` cg` xai`) ilaelb meniqwnl cr milcb mixai`d - zil`cen ipei `id lwqt yleyna dxey lk .9
:dgked .miphw myne(

n

k

)
=

(
n

k − 1

)
· n− k + 1

k

(
n

k

)
>

(
n

k − 1

)
⇐⇒ n− k + 1

k
> 1 ⇐⇒ n + 1 > 2k ⇐⇒ k <

n + 1
2

.k > n+1
2 m` ynn micxei mixai`dy ze`xdl ozip ote` eze`a .10

dxeya xai`d mekq `ed ea mixai`d mekq ,lwqt yleyn ly edylk oeqkl` xear - slebd lwn zpekz .11
:lynl .sleb lwn zxevl meqkl`d z` milyiy yleynd ly dpezgzd(
1
1

)
+

(
2
1

)
+

(
3
1

)
+

(
4
1

)
=

(
5
2

)
xai`d :l`ny cv .weica miqt` r+1 oda yiy l+1 jxe`a zeix`piad milind zveaw `ed oini cv :dgked
qt`d oda ,weica miqt` r+1 oda yiy l+1 jxe`a zeix`piad milind xtqn -

(
r
r

)
didi cinz oey`xd(

r+i
r

)
md mi`ad mixai`d .(xeciql zg` zexyt` weica xi`yny dn) r+1-d mewna ievn ipnid ipeviwd

`id ztqep dgked .r +1+ i-d mewna ievn odly ipnid ipeviwd qt`d xy` l"pd zeix`piad milind lk mde
wx yi ,edin eprawy rbxa .ea oexg`d znevd zeidl aiig k oeqkl`a miznvd cg` .lwqt bixq zervn`a
.oeqkl`a dcewp lkl ribdl mikxcd lk jq `id dil` ribdl mikxcd lk jq .ziteqd dcewpl ribdl zg` jxc

:dcxtdde dlkdd oexwr htyn .12

E0︸︷︷︸
no bad property

= W (P ′
1P

′
2 . . . P ′

k) =
k∑

r=0

(−1)r ·W (r)

xy`k

W (r) =
∑

1≤i≤j≤k

W (Pi1, Pi2, . . . , Pik)

.mixai`d lk `ed W (0) xy`ke
.W (0) llba ,l`ny cva zg` mrte oini cva zg` mrt xtqi ,drx dpekz s` miiwn `ly ,"aeh" xai` :dgked

:jk xtqi `ed oini cvae ,l`ny cva xtqi `l zerx zepekz r > 0 miiwny xai`

.W (0)-a zg` mrt •
.(zg` drx dpekz miniiwny mixai`d lk) W (1)-a minrt −r •
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.(zerxd zepekzd r ly zebefd lk) W (2)-a minrt
(
r
2

)
•

.minrt(−1)t (
r
t

)
xtqi xai`d ,t ≤ r xear •

,lwqt yleyna miibef i` zegt miibef mixai` `ed dfd iehiad .minrt
∑r

i=0 (−1)i (
r
i

)
xtqi xai`d k"dqa

.qt` `ed lwqt yleyn zepekz itle

:n"n` n ∈ {N, 0} (irah xtqna dielz) irah xtqn ly divwpet `idy dpekz Pn idz :divwecpi`d htyn .13

.miiwzn P0 divwecpi`d qiqa (`)

.miiwzn Pk f` ,miiwzn Pk−1 m` ,k > 0 lkl - divwecpi`d crv (a)

`l dveaw yi okl ,miirahd lkl zniiwzn dpi` Pn dpekzdy dlilya gipp ,l"pd mi`pzd ozpida :dgked
yi ,dwix `l miirah zveaw S m`) divwecpi`d zneiqw`n .dpekzd z` miniiwn `ly miira` ly S dwix
ea avn eplaiw ,jk m` .n > 0-y xexa lirl '` dgpd itl .n epnqpe menipin yi S-ly raep (ilnipin xai` da
crvdy jk htynd z` aigxdl ozip .'a dprhl dxizq efe ,miiwzn ok Pn−1 j` edylk n-l miiwzn `l Pn

enk .1 e` 0 epi`y qiqan ligzdl mb ozipe ,xzei e` (miibef i`le miibefl cegl gikedl yie) 2-a zencwzd `ed
zepekp zxxeb (s, t) < (m,n) lkl Ps,t zepekpe ,P0,0 zepekp `ed qiqad :dletk divwecpi`l aigxdl ozip ok

.Pm,n

.zepey mikxc CCr
m · r! =

(
m+r−1

r

)
-a zeyrl ozip mipey mi`z m-l mipey mixeck r zwelg .14

.mixeckd ly iniptd xcqd letk ,mixeckd ly dqpkdd xcql zeaiyg `ll dwelgl dlewy dirad :dgked

.zeibef od miznvd zebxc lk n"n` ilbrn ixlie` `ed xiywe iteq sxb - ('` wlg) xlie` htyn .15
lka opeazp ,ea idylk znev xear .xlie` lbrn ea yi okle ,ilbrn ixlie` `ed sxbdy gipp :1 oeeik :dgked
zyw yi zqpkpy zyw lk lre ,dbxcl +2 epl epzi znevd ly miinvr mibeg .dil` zeqpkpy zezywd

.zeibef zebxcd lk okl .lbrn dfe xg`n ,znevdn z`veiy
epnqp .zg` mrtn xzei zyw likn epi`y sxba xzeia jex`d lelqnd P idi .zeibef zebxcd lky gipp :2 oeeik
.mi`vei `le eil` miqpkpe xg`n ,zibef i` `id oexg`d znevd zbxcl lelqnd ixag znexz .v0

e1v1
e2 . . . elvl

,jke xg`n .xzeia jex`d lelqnd P zeidl dxizq - zyw cer siqedl yi okl ,zibef ezbxcy oezp ,ipy cvn
zezywd lk z` likn `l P-y dlilya gipp .lbrn df okle lelqnd zlgzda ritedl aiig oexg`d znevd
lr ok zywd f` ,eply lelqnd lr `ed x znevd m` .x y dpnqp .ea z`vnp `ly zg` zegtl yi - sxba
ribdl jxc yi okle xiyw sxbd .P lr `l x-y gipp .mcew enk `ed letihd zibef y ly ezbxcy xg`ne ,lelqnd
oia zxagny idylk zyw yi okl .P lr `vnpy mdipia lelqnd lr oey`xd znevd `ed vi-y gipp .x-l v0-n

.xzeia jex`d ezeidl dxizq efe ,P z` jix`dl xyt` okl.P lr `l xak z xy`k ,v0 − z

`l mzbxcy miznv 2 weica miniiw ⇐⇒ ilbrn `le ixlie` ,xiywe iteq G sxb - ('a wlg) xlie` htyn .16
.zibef

zyw siqep .t,s-a lelqnd zeevway miznvd z` onqp .ilbrn `l ixlie` lelqn yiy gipp :1 oeeik :dgked
zebxcd lk '` wlg itl okle ,ilbrn ixlie` `ed dfd sxbd .G’ ycgd sxbl `xwp .mdipia xagzy sxbl dycg

.zibef i` ixewnd sxba mzbxc okle ,cala miznv ipyl 1 dnxzy zg` zyw wx eptqed .zeibef ea
lka zeibef zebxc mr sxb edf .dycg zyw sxbl siqep .s,t-k zibef i`d dbxcd ilra miznvd z` onqp :2 oeeik
.ilbrn `l ixlie` lelqn edf ,dycgd zywd z` cixep m` .ilbrn ixlie` lelqn df sxba miiw okle miznvd

miiw miznv 2 lkle ,miinvr mibeg oi` G-l ⇐⇒ ilniqwn miheyt milbrn xqg G ⇐⇒ ur `ed G sxb .17
.ilnipin xiyw G ⇐⇒ mdipia cigi heyt lelqn

miznv ipy lk xear .df z` lwlwz zyw ztqedy gikep .milbrn xqg `ed ,ur `ed G-e xg`n :12 dgked
.lbrn xevip ,zyw mdipia xagp m` ,xiyw sxbde xg`n ,sxba

ipy gwip .mdipia xagnd cigi heyt yi lelqn miznv ipy lkly d`xp ,milbrn xqg G-y oezp :23 dgked
lwlwz zyw ztqed ,ilniqwn milbrn xqg ly oezpd itl .mdipia zxagnd zyw oi`y gippe ,x,y ,miznv
`edy oezp ik heyt zeidl aiig `ede ,lelqn yi oiicr efd zywd `ll .lbrn xevipe zywd z` siqep .df z`
rvn`a mb riten y f`e ,ipydn wlg `ed cg`y e` ,milelqn ipy miniiw m` - cigi `edy d`xp .milbrn xqg
x-a miligzny milelqn ipy - lbrn lawzn mixf milelqnd m` .mixf mdy e` ,lbrn - seqa mbe lelqnd

.lbrn mixvei eiptl edylk zneva e` y-a miybtpe

3



lwlwz zyw zhnydy d`xp .xiyw sxbd okle miznv ipy lk oia cigi heyt lelqn yiy oezp :34 dgked
lelqn yie xg`ne ,oezp ik ,invr beg `idy okzii `ly i`ce .miznv ipy oia idylk zywa opeazp .zexiyw

.eze` lwlwp ef zyw cixep m` ,miznv ipy oia cigi heyt
cinz ,zyw ea hinyp m` okle ,sxba lbrn yiy gipp .milbrn xqg `edy d`xp ,dpezp zexiywd :41 dgked

.dxizq - zexiywd z` lwlwz zyw zhnydy oezp .lbrnd ly ipyd cvdn epcril ribdl lkep

.zegtl milr ipy yi ,zegtl zg` zyw yi eay iteq xria - milrde xrid zprh .18
xg`n ,lbrn epi` df lelqn .dkxc xaery xzeia jex`d lelqnd xeza P z` xicbp .e zywa lkzqp :dgked

.P z` jix`dl ozip zxg` ,1 od zeevwa miznvd zebxc okl .xri dfe

.xiyw G-e |E| = n− 1 ⇐⇒ |E| = n− 1-e milbrn xqg G ⇐⇒ ur G - |V | = n ,iteq sxb xear .19
`ed zezywd xtqne ,milbrn G-a oi`y i`cea .zg` znev - n = 1 `ed qiqad .divwecpi`a :12 dgked
reci milrde xrid zprhn .zg` zyw zegtl yi okle ,xiyw `ed ur dfe xg`n .miznv 2 zegtl yi :crv .qt`
,zegt zg` zywe zegt zg` znev ea yiy ,ycg sxb lawpe ely zywd mr ewlqp .cg` dlr zegtl yiy

.oekp df divwecpi`d zgpd itle
okle ,lbrn ea yiy gipp .milbrn xqg `edy d`xp ,xiyw `edy oezp .ura xaecny ze`xdl yi :31 dgked
milbrnd lehp sxbl ribpy cr zezyw xiqp jk .rbtz `l zexiywde lbrnd lr idylk zyw wzpl xyt`
xqg sxbde ,zyw s` epxqd `l okle ,n − 1 `ed ea zezywd xtqny lawp 12 itl ,ur dfe xg`n .ilnipind

.milbrn

.dpnn eze` xfgyl ozipe ,dze` xviiny T cigi ur miiw w ∈ V n−2 dlin lkl .20
xfgyl ozipy i`cee mi`zny cg` ur wx yiw = ∅ `id dlind .n=2 `ed qiqad .n lr divwecpi`a :dgked

.mi`zn T’ cigi ur miiw |v′| = n − 1-y jk w′ ∈ (V ′)n−3 dlin lkl :divwecpi`d zgpd .dlindn eze`
dlr - w z` xviiy ur lka 1 ezbxc okle ,w-a epi`y ilnipin x ∈ V znev miiw |w| = n − 2-e xg`n :crv
zgpd itl okl ,|V ′| = n− 1-y i`ce .V ′ = V \ {x} xicbp .dlind ly dpey`xd ze`l xaegn `ed okl .ilnipin
`ed .ur xvep okl ,lbrn epxbq `l f` ,dlr df .epxqdy znevd z` xagp .mi`zn cigi T’ miiw divwecpi`d

. dlind i"r xfgeyn T’ ik cigi ote`a xvep

.yxey yi iteqe oeekn ,jeezn sxbl :jeeznd znl .21
.epniiq - miznvd lk zveaw ef m` .yxey dl yiy xzeia dlecbd dveawd zz z` gwip .oi`y gipp :dgked
sxbde xg`n .y epnqpe da `vnpy yxey yi dveawd zzl .dveawd zza epi`y x znev edyfi` miiw zxg`
.dly zeilniqwna dribt jez dveawd zzl z,x z` siqedl xyt` okl .z epnqp .jeezn x,y-l yiy ixd ,jeezn

.dxizq

mbe yxey yi G-l ⇐⇒ cigi `ed znev lkl epnn lelqndy jk r yxey yi G-l ⇐⇒ oeekn ur `ed G sxb .22
sxb ⇐⇒ zeiyxeyd z` lwlwz zyw lk zhnyde yxey yi G-l ⇐⇒ din (v) = 1∀v 6= r ,din (r) = 0

.zebxcd i`pz miiwzn exear cigi znev yi G-le xeyw G ly zeizyzd
.edylk znevl yxeydn milelqn ipy yiy gipp .zecigi d`xp .yxey el yi f` oeekn ur G-e xg`n :12 dgked
.mipeekn `l mivr zeliwy htynl dxizq - znev eze`l yxeydn mipeekn `l miheyt milelqn ipy yi okl
zyw eil` zqpkpy ixd ,0 dpi` ely dqipkd zbxc m` ,yxeyd xear .zebxcd i`pz z` gikedl yi :23 dgked
zecigil dxizq .znev eze` jxc lelqnde wixd lelqnd - envrl yxeydn milelqn ipy yi f`e ,xg` znevn
yxeydn cigi lelqn yie xg`n 1 `id dqipkd zbxc - miznvd x`y xear .znev lkl yxeydn lelqnd

.mipey miznv ipyn eil` ribdl xyt`y ixd ,zezyw izy zeqpkp edylk znevl m` .edylk znevl
,zeiyxeyd z` lwlwp `le xy idylk zyw hinyp m` ,zebxcd i`pz oezpe yxey yiy oezpe xg`n :34 zgked

.oezpl dxizq - x-l zqpkpy zyw cer yiy ixd
cixep m`y ixd ,znev lkl yxeydn ribdl ozip oeeknd sxbae xg`n :xiyw zeizyzd sxby d`xp :45 dgked
znev xear miiwzn zebxcd i`pzy d`xp .znev lkl znev lkn ribdl lkepy i`ce ,zezywd ly zeipeeikd z`
m` okl .myl ribdl leki `l - yxey epi` ixewnd r f`y ixd ,0 ely dqipkd zbxcy znev cer yi m` :cigi
zyw zhnyd ,din ≥ 2 m` .din > 0 gxkda miznvd x`y lk xear ,yxey didi ok` dfy ick .r df ,yxey yi

.r yxeyd xear zebxcd i`pz miiwzn okle ,zeiyxeyd z` lwlwz `l

miiwzn exear cigi znev miiwe milbrn xqg ely zeizyzd sxb⇐⇒ oeekn ur `ed G .iteqe oeekn sxb G idi .23
.zebxcd i`pz

zecigi zniiwzn 20 htynn .milbrn xqge ur `ed ely zeizyzd sxb hxta ,oeekn ur G m` :1 oeeik - dgked
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.yxeyd
dxcqd .d`ld jke ,x-l qpkpy edylk znev yi .din (x) = 1 ,x znev gwip .yxey yiy d`xp :2 oeeik - dgked

.yxeyd `ed ef dxcqa oey`xd znevd .zxvrp `id okle -oezp - ziteq zeidl zaiig

.r eyxeyy oeekn yxet ur yi r yxey lra oeekn sxb lkl :dnl .24
.cg` xgap ,milelqn dnk yi m` .eil` yxeydn lelqnd lr lkzqpe oeeknd sxba edylk znev xgap :dgked

.sxba znev lk xear dyrp jk .yxetd sxbl siqep eiptly znevdn x-l zqpkpy zywd z`

lkl .eze` epipa jk ik zebxcd i`pz miiwzn H xear .r eyxeyy G (V,E) ly yxet ur `ed H (V,E′) :dprh .25
x znev lkl - divewcpi`a yxey `edy d`xp .0 dqipk zbxc yi r-le ,eil` zqpkpy zg` zyw epgwl znev

.H-a m`ez lelqn yi l jxe`a `ed G-a x-l r-n ilnipind lelqndy jk

G-a yi if` .ziteq znev lk ly d`ivid zbxc .r yxey mr iteqpi` oeekn sxb G idi :bpipw ly seqpi`d znl .26
.r-a ligzny iteqpi` lelqn

miribny znevd didi v1-e ,v0 didi r .iteqpi` lelqn dpap .r yxey mr G ly edylk yxet ur T idi :dgked
.mi`v`v seqpi` el yiy vi ly oa didi vi+1 .mi`v`v seqpi` epnn mi`veiy ,r-n eil`

mbe ,D (x, r) = 1 ∀x 6= r ,D (r, r) = 0 ⇐⇒ r yxey mr oeekn ur G .miinvr mibeg `lle iteq ,oeekn G sxb .27
.det (Drr) = 1

ixg` .i < j f` i → j zyw yi m`y jk miznvd z` onql xgap .zebxcd i`pz -D (r, r) = 0-y oezp :dgked
.'eke 2 wgxn f`e ,1 wgxn epnn miwegxy miznvd z` xtqnp ,r xetqn

.Dn = (n− 1) [Dn−1 + Dn−2] - Dearrangments ly dxivi llk •

oi` xy`k ,midf mi`z m-l mipey mixeck r zwelg ziral zepexztd xtqn - ipy xcqn bpilxihq xtqn •
.S (r.m) oneqn .miwix mi`z

ef xril yxey ztqed .miznv k+1 mr mixceqnd mivrd xtqn = miznv k mr mixceqnd zexrid xtqn •
.url xrin r"gg dwzrd
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